The delamination growth may occur in piezoelectric laminated shell with delamination under a combined electro-thermo-mechanical loading. Based on the piezoelectric theory, the variational principle of moving boundary and considering the contact effect between delamination regions, the nonlinear governing equations for the piezoelectric laminated shell with delamination under hygrothermal condition are derived, and the corresponding boundary and matching conditions are given as well. At the same time, according to the Griffith criterion, the formula of energy release rate along the delamination front is obtained and the delamination growth is studied. In the numerical calculation, the energy release rate and delamination growth of axisymmetrical piezoelectric cylindrical shell are analyzed, and a parametric study is conducted, showing the effects of geometric nonlinear, voltage, temperature and humidity, mechanical load, delamination length and depth, geometrical parameter and material property on energy release rate.
Introduction
Because the inherent electromechanical effect of piezoelectric materials has many important industrial applications, the use of piezoelectric materials have been broadly carried out for the sensitive element and active control of light weight smart structures [1] [2] [3] [4] [5] [6] . Due to the cou- pled electromechanical behaviors of piezoelectric materials and their availability in the form of thin sheets, composite laminated structures with piezoelectric layers are extensively used in aerospace, pressure vessel, and shipbuilding areas [7] [8] [9] [10] [11] [12] [13] . But delamination damage will emerge in piezoelectric laminated material during the manufacturing processes, for instance, shocks in assembling procedures. What's more, the delamination growth may occur in delaminated structure under the action of external dynamic load and it will drastically reduce the stiffness and the load carrying capacity of the structure, finally resulting in global buckling and failure of structure. Piezoelectric laminated cylindrical shell is an important component in domains of aviation, spaceflight and war industry, and also it is often in the condition of hygrothermal environment. Therefore, researchers attach more and more importance to the delamination growth of piezoelectric laminated shell under hygrothermal conditions.
It is necessary to determine the stress fields of delamination front in order to analyze the delamination growth of laminated structures. But it is very difficult to analyze the stress of the delamination front due to its singularity. Whereas the energy release rate, which indicates intensity of stress fields along delamination front, can be determined. As a result, most researches concerned with delamination growth are carried out from the aspect of energy release rate. At present, the research of delamination growth about piezoelectric laminated shell with delamination considering hygrothermal effect has not been reported because of its complexity. Most researches are limited to delamination growth of composite structure in existent literatures. Chai H. [14] firstly studied the buckling of thin-film delamination in isotropic laminated plates by using beam-column theory and also discussed delamination growth by adopting the definition of energy release rate of fracture mechanics. Based on classical laminated theory, Sallam S. [15] and Yin W.L. [16] examined the thinfilm delamination buckling and growth in isotropic and orthotropic laminated plates by using the J-integral. Applying the method of geometric nonlinear finite element and the virtual crack closure technique, Witcomb J.D. [17] calculated the individual components of energy release rate and analyzed thin-film delamination growth. Zafer Kutlu and Fu Kuo Chang [18] investigated one-dimensional delamination growth of laminated composites containing multiple delaminations. Two-dimensional inner delamination, which appears frequently in practice, is more difficult to be studied due to its complex growth mode along delamination front. Based on the assumption of delamination with self-similar growth and using Rayleigh-Ritz method, Chai H. [19] first analyzed the near-surface elliptical delamination of two-dimension and calculated the average energy release rate. Whitcomb J.D. and Shivakumar K.N. [20, 21] analyzed the strain-energy release rate of quasi-isotropic plates by using the virtual crack closure technique. Based on the theory of fracture mechanics, Sheinman [22] and Davidson [23] analyzed energy release rate and stress intensity factors for delaminated composite laminates. Applying the finite element method, Nillsson [24] researched delamination buckling and growth in a slender composite panel. Using first-order shear deformable theory, Park [25] and Wang [26] computed energy release rate of delaminated plates. Zhang [27] investigated the buckling and growth of pressed thin-film delamination by using the high-order perturbation and shooting method. Jane K.C. [28] discussed the postbuckling and growth of near-surface rectangular delamination by adopting Rayleigh-Ritz method. Using layerwise-interface elements, Hossein [29] handled the numerical procedure of delamination buckling growth in composite laminates. Zhang [30] proposed the strain energy release rate as a controlling parameter to evaluate the fatigue crack growth rates and thresholds. Jones [31] discussed the potential of a variant of the Hartman-Schijve equation to represent both Modes I and II constant amplitude delamination growth in composites. Utilizing fracture mechanics principles, Stefanos Giannis [32] accurately evaluated the fatigue cycles for onset of delamination and growth to a predefined length. The above studies are all about the analysis of delamination growth for composite beams and plates under static load. Moreover, most of the studies are limited to discussing thin-film delamination growth. Recently, some researches about the delamination growth of piezoelectric structure have emerged. According to the elastic-plastic fracture dynamics and J-integral theory, Li [33] studied delamination fatigue growth for delaminated piezoelectric elastic-plastic laminated beams under hygrothermal conditions. Considering the contact effect between delamination regions, Zhu [34] analyzed nonlinear dynamic response and delamination fatigue growth for delaminated piezoelectric laminated beam-plates. Yang W.D. [35] investigated the nonlinear buckling and expansion behaviors of local delaminations near the surface of functionally graded laminated piezoelectric composite shells. Applying energy method, Wang X. [36] studied the hygrothermal effects on local buckling for different delaminated shapes near the surface of cylindrical laminated shells. Up to now, no investigation has been reported in field of delamination growth for piezoelectric laminated shell under hygrothermal conditions.
The essence of delamination growth is the continuous movement of delamination boundary. Therefore, in present study, based on the variational principle of moving boundary [37] and considering hygrothermal condition, the nonlinear governing equations of delaminated piezoelectric laminated shell under the action of circumferential concentrated dynamic load are derived, and the corresponding boundary and matching conditions are also given. At the same time, the formula of energy release rate along the delamination front is obtained according to Griffith criterion. Then, synthetically using the finite difference method, the Newton-Newmark method and the iteration method, the nonlinear governing equations are resolved. The obtained solutions are substituted into the formula of energy release rate and the magnitude of energy release rate can be uniquely determined. In numerical examples, the effects of geometric nonlinear, voltage, temperature and humidity, mechanical load, delamination length and depth, geometrical parameter and material property on energy release rate are discussed for the axisymmetrical piezoelectric cylindrical shell and some significant conclusions are obtained as well.
Basic equations
Consider a composite lami-nated cylindrical shell with two piezoelectric layers mounted on the internal and external surface as shown in Fig. 1 
Analysis of internal force
Supposingū i ,v i andw i denote the axial, circumferential and radial displacements of any points on the region Ω i , respectively, and the corresponding displacement components of middle surface are u i , v i and w i , then the displacement components are given byū
Assumingε ix ,ε iy andε ixy denote the strain components of any points on region Ω i , the nonlinear straindisplacement relations may be written as ε ix = ε ix + zκ ixεiy = ε iy + zκ iyεixy = ε ixy + zκ ixy (2) where ε ix , ε iy , ε ixy are the strain components on the middle surface and κ ix , κ iy , κ ixy are the change values of curvatures on the middle surface, and
The constitutive relation of orthotropic piezoelectric layer under hygrothermal conditions can be described as (6) Supposing only the electric-field component Ez is applied on the outer and inner surface of cylindrical shell throughout the thickness direction. Denoting V and Ez as the electric voltage and the electric-field intensity respectively, then we have the following relations
According to Eqs. (2) and (5) 
}︃
The forces and moments caused by temperature, humidity and voltage can be written as
Where 
And the membrane stress resultants N e i and stress couples M e i of the delaminated laminated cylindrical shell can be written as 
Where From Eqs. (8) and (14), the membrane stress resultantsN i and stress couples M i of piezoelectric laminated cylindrical shell under hygrothermal conditions can be written as
[
Analysis of energy
Assuming the transverse dynamic load is q i (x, y, t), and then the total potential energy of the delaminated piezoelectric laminated shell can be written as H(x) is the control function and in this paper it is taken as
Then, the delaminated cylindrical shell is subjected to circumferential concentrated dynamic load as shown in Fig. 1 . In present study, it is assumed that the shell is symmetrically laminated and all regions are still symmetric with respect to their each midsurface after delamination, then [B (i) ] = 0. Noticing that the problem of delamination growth is the variation of moving boundary, then from equation (20), the variation of the total potential energy is
In the above derivation about the kinetic energy variation, the integration by parts with respect to time is performed, that is
The first term in the integration by parts is neglected due to the fact that the virtual displacement is zero at the beginning and at the end of the time interval. Thus, the kinetic energy variation is
Processing equation (22), it can be written as follows
where Here, δΠ 1 is the variation of potential energy due to the virtual displacement of piezoelectric laminated cylindrical shell while imaginary growth does not occur (i.e. the delamination boundary is immovable). According to the principle of virtual displacement, when the piezoelectric laminated cylindrical shell is in state of equilibrium, we have
The displacements of piezoelectric cylindrical shell must change after imaginary growth δn occurs along delamination front. At the same time, the changeable area in the region of integration is δA i = ∫︀ C j δn i dC j . Thus, δΠ 2 is the variation of potential energy due to the area alteration of each region.
For the delaminated piezoelectric cylindrical shell, the normal direction n of delamination growth is consistent with the axial direction x. Therefore, the equation (27) can also be written as follows 
The nonlinear governing equations and matching conditions of the delaminated piezoelectric laminated cylindrical shell
From equation (28), the nonlinear governing equations, the corresponding boundary and matching conditions can be derived for the delaminated piezoelectric laminated shell. The nonlinear governing equations for each region are The continuity conditions of displacements are
The equilibrium conditions of moments and forces are
Where
The boundary conditions for the both ends clamped are
The initial conditions are
In governing equations (30) , the effects of in-plane inertia forceu i,tt , v i,tt are small and they are not considered in actual calculation, so their initial conditions are not given.
Analysis of energy release rate along delamination front
Altogether, when the imaginary growth δn occurs, the variation of total potential energy is (Noticing δΠ 1 = 0)
Where, According to Griffith criterion, the energy release rateGcan be expressed as
From (38), the average energy release rate Ga of delamination growth is
If delamination growth occurs only on partial boundary, that is, δn is greater than zero on certain boundary ∆C j belonged to C j and it equals to zero on residual boundary C j −∆C j , then the average energy release rate of this growth is
Obviously, the average energy release rate relates to the mode of the delamination growth, but it is generally difficult to anticipate the actual mode of delamination growth because of that δn is an unknown continuous function. So it is not easy to calculate directly the average energy release rate by using equation (40). Now, supposing ∆C j is a small segment including a given point and letting ∆C j infinitely diminish to approach the point, then from equation (40) the energy release rate of any point can be given as
From equation (41), it can be seen that the G represents the distribution of energy release rate of any point on delaminated boundary. For boundary C 1 , obviously having δn 1 = −δn 2 = −δn 3 = −δn and noticing equation (41), the energy release rate of any point on the boundary C 1 is
For boundary C 2 , similarly having δn 4 = −δn 2 = −δn 3 = −δn and also noticing equation (42), the energy release rate of any point on the boundary C 2 is
In order to calculate the energy release rate, the displacements u i , v i and w i must be first obtained through resolving the equations (30) and their corresponding conditions (31) - (35) . And in this paper, the equations (30) are resolved through applying the finite difference method, the Newton-Newmark method and the iteration method. Then, the energy release rate of the delaminated cylindrical shell can be determined by adopting equation (37) and (41). Once the energy release rate being determined, we can judge the possibility of delamination growth, that is, the bigger of the energy release rate of delaminated cylindrical shell, the bigger of the possibility of delamination growth. 
Numerical results and discussion
For the sake of simplification, in present study, only the delamination growth of axisymmetrical piezoelectric cylindrical shell under circumferential concentrated dynamic load is analyzed. In calculation, the following dimensionless parameters are introduced.
22 h/ρ,
The transverse dynamic load is taken as
where Q is the amplitude of dynamic load, and ω is the frequency of external excitation (ω = 5). The geometrical parameters of the delaminated shell are L/R = 5/3, R/h = 30 except for Fig. 10 , and the delamination parameters are α 2 = 0.4, β = 0.1 except for Fig. 9 . The both ends of the shell are all clamped. The delamination is located symmetrically with respect to both ends of the shell, that is
The used material is PZT5 except for Fig. 7 where PVDF is also used. The material constants of the two kinds of piezoelectric material are listed in table 1.
Before discussing delamination growth caused by the transverse concentrated dynamic load, the nonlinear dynamic response of the delaminated piezoelectric cylindrical shell is first calculated in order to illustrate the contact effect and validate the present analytical method. In this case, the amplitude of the dynamic load is Q = 5000, and V = ∆T = ∆C = 0. The nonlinear dynamic response curves of the mid-span point for segments 2 and 3 are presented in Fig. 2 . In figure 2(a) , the contact effect is not considered and it is considered in figure 2(b) . The vertical ordinate W 0 i (i = 2, 3) is the dimensionless deflection of the midspan point for segments 2 and 3, respectively. From the figure (a) , it can be seen that the interpenetration exists in delamination region, and this phenomenon is avoided in figure (b) after introducing contact force q * . The results obtained by the finite element method (ANSYS) are also given in the figure 2(b) and the contact effect is considered by the Contact 172 element. In this figure, a good agreement is observed between the two sets of values, suggesting that the present analytical method and calculating procedure are reliable. The energy release rate of the delaminated piezoelectric shell is investigated in the following calculations. Figure 3 shows the effect of contact on energy release rate of piezoelectric shell with delamination. The vertical ordinateḠ is the energy release rate. In this case, V = ∆T = ∆C = 0. From the two figures, it can be noticed that the energy release rates of the delaminated cylindrical shell all behave periodic variation, and the second half of a cycle is same. In addition, in figure 3 (a) the interpenetration exists in the first half of a cycle and the energy release rate of the delaminated shell is very large. In figure 3(b) , the displace- Figure 6 . Effect of temperature and humidity on energy release rate of delaminated piezoelectric shell ments of segments 2 and 3 are overlapped in the first half of a cycle under the consideration of contact, so the energy release rate is very small. But in the second half of a cycle the two segments are separate, the energy release rate of the delaminated cylindrical shell becomes large and its maximum is written asḠmax. Figure 4 shows the effect of geometric nonlinear on energy release rate of piezoelectric shell with delamination. In this case, V = ∆T = ∆C = 0. From the figure, it can be seen that the energy release rate of the delaminated piezoelectric shell in linear case is larger than that in nonlinear case, and this phenomenon becomes more evident when the amplitude of dynamic load Q increases. As we know, the linearity case is based on the limited deformation consumption, and the higher order item in the geometric relations is neglected while it is in consideration for the nonlinear case. So in some sense it can be concluded that the linear solution overestimates the energy release rate of the structure, and then the probability of delamination growth is overestimated as well. In order to predict the probability of delamination growth accurately, the consideration of the nonlinear effect is very necessary. In the following calculations, the geometric nonlinear is all considered.
The effect of voltages on the energy release rates of the delaminated piezoelectric shell are presented in Fig. 5 . The mechanical load is taken as Q = 5000 and the tempera- ture and moisture rise ∆T = ∆C = 0. From the figure, it is observed that applying negative voltage on shell decreases the maximum of energy release rates. This is due to the fact that applying negative voltage on the shell is equivalent to an axial tension. This makes the structure more compact and strong, and correspondingly increases the structure's stiffness. Therefore, the nonlinear dynamic response amplitude of the structure decreases, and the maximum of energy release rates decreases as well. Fig. 5 also depicts the results of energy release rates when applying positive voltage. As expected, the energy release rates increase compared to normal situation, and the results can be explained using the similar concept as mentioned above. Fig. 6 gives the effects of temperature and humidity on the energy release rates of the delaminated piezoelectric shell. The mechanical load is taken as Q = 5000 and the voltage V = 0. As can be seen, the maximum of energy release rates increases with the increase of temperature and humidity.
For different control voltages, the variable curves of the maximum of energy release rateḠmax with the amplitude of dynamic load Q are shown in Fig. 7 . In this case, two kinds of piezoelectric materials (PZT5, PVDF) are used, and ∆T = ∆C = 0. It can be seem that applying positive voltage on shell increases the maximum of energy release ratesḠmax, and the results are opposite when applying negative voltage. Moreover, by comparing Fig. 7(a) and Fig. 7(b) , we can also find the effect of voltage onḠmax of delaminated piezoelectric shell composed of PZT5 is more obvious, and this is due to the fact that the piezoelectric constants of PZT5 are higher than that of PVDF.
In the following, the effects of the delamination length, depth and the geometrical parameter onḠmax of delaminated piezoelectric shell under hygrothermal conditions are investigated. In calculations, we set V = 120v, ∆T = 20K, ∆C = 0.01.
When the amplitude of dynamic load Q is taken as 2000, 3000 and 5000 respectively, the variable curves of Figure 10 . Effect of the ration of L/R on maximum of energy release rate the maximum of energy release rateḠmax with delamination length β are shown in Fig. 8 . In this case, the delamination depth parameter α 2 is 0.4. From Fig. 7 , it can be seen that the maximum of energy release rateḠmax increases with delamination length β at first, but when β increases to a certain value, theḠmax reaches a maximum, and then it begins to decrease. This shows that the delamination growth is likely to be stable for the delaminated piezoelectric shell under circumferential concentrated dynamic load.
For different values of the delamination depth α 2 , the variable curves of the maximum of energy release ratē Gmax with the amplitude of dynamic load Q are presented in Fig. 9 . In this case, the delamination length parameter β is 0.1. From the figure, it can be seen that the maximum of energy release rate decreases with the increase of delamination depth. This shows that the growth is more difficult to occur for cylindrical shell with deeper delamination.
For different ratio of the L/R, the variable curves of the maximum of energy release rateḠmax with the amplitude of dynamic load Q are shown in Fig. 10 . In this case, the geometrical parameters are R/h = 30. From the figure, it can be seen that the maximum of energy release rate increases with the decrease of ratio of L/R. Thus, it can be concluded that the delamination growth is more difficult to occur when the ratio of L/R increases.
In addition, from the above all figures, it can be seen that the maximum of energy release rate of the delaminated piezoelectric shell increases with the amplitude of dynamic load. And this shows the delamination growth is easier to occur when the amplitude of dynamic load increases.
Conclusions
Based on the variational principle of moving boundary and the Griffith criterion, the formula of energy release rate for delaminated piezoelectric laminated shell under hygrothermal conditions are derived. Results indicated that some parameters have significant influence on energy release rate of the shell. The following conclusions may be drawn from the present work:
1. The contact effect should be considered in the analysis of delaminated structures. 2. The probability of delamination growth is overestimated in linear case. 3. Applying positive and negative voltage to piezoelectric shell leads to increase and decrease of the maximum of energy release rates. 4. The possibility of delamination growth increases with the increase of temperature, humidity and mechanical load, and decreases with the increase of delamination depth and ratio of L/R. 5. With the increase of delamination length, the maximum of energy release rate increases in the beginning, however it decreases after reaching a maximum value. 6. The delaminated piezoelectric shell composed of PZT5 is more sensitive to voltage when comparing to the shell composed of PVDF.
